Lie Bialgebra Structures on Generalized 
Heisenberg-Virasoro AlgebraQ 



Hai Bo Chen^\ Ran Shen^\ Jian Gang Zhang 
College of Science, Donghua University, Shanghai, 201620, China 
^■'Department of Mathematics, Shanghai Normal University, Shanghai, 200234, China 

Email:rshen@dhu. edu.cn 
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1. Introduction 

Lie bialgebra structures on some Lie (super)algebras including generalized Witt 
type, generalized Virasoro like type and generalized Weyl type Lie algebras, the 
Schrodinger-Virasoro Lie algebra, the N = 2 superconformal algebra, etc., were 
constructed (cf.[l],[B],[7],[Tn],[Il],[T3],[Il],[Ii][TS]) since the notion was first intro- 
duced by Drinfeld in 1983 (cf.[l],[2]) in a connection with quantum groups. Re- 
cently, a general method to obtain Lie (super)bialgebra structures on some Lie 
(super) algebras related to Virasoro algebra was given in [3] . 

In this paper. We will study the Lie bialgebra structures on Lie algebra of gen- 
eralized Heisenberg-Virasoro algebra which has been studied in 5 . It is the nat- 
ural generalization of the twisted Heisenberg-Virasoro algebra. The structure and 
representations for generalized Heisenberg-Virasoro algebra were studied in [5], [9]. 
However, Lie bialgebra structures on generalized Heisenberg-Virasoro algebra have 
not yet been considered. 

Let us recall some definitions related to Lie bialgebras. For a vector space £ over 
a field F of characteristic zero, we define the twist map t of £ €5 £ and the cyclic 
map ^ of £ (g) £ (g) £ by 

(1.1) T:x®y^y®x, x®y®z^y®z®x for x,y,z€Z. 
The definitions of a Lie algebra and Lie coalgebra can be reformulated as follows. 
Then a Lie algebra can be defined as a pair (£, ip) consisting of a vector space £ 
and a bilinear map : £ (K) £ — ?> £ (called the bracket of £) satisfying the following 
conditions: 

(1.2) Ker(l — t) C Ker(^ (skew-symmetry), 

(1.3) v3-(l®<y9)-(l + C + C^) = 0: £(g£®£^£ (Jacobi identity), 

denote 1 is the identity map of £ £. Dually, a Lie coalgebra is a pair (£, A) 
consisting of a vector space £ and a linear map A : £ £® £ (called the cobracket 
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of £) satisfying the following conditions: 

(1.4) Im A C Im(l — r) (anti-commutativity) , 

(1.5) (l+^ + ^2)-(l®A)-A = 0: £-^£(^£(^£ (Jacobi identity). 

Definition 1.1. A Lie hialgehra is a triple (£, (/S, A) such that (£, 1^9) is a Lie algebra 
and (£, A) is a Lie coalgebra and the following compatibility condition holds: 

(1.6) Aip(x, y) = X ■ Ay — y ■ Ax for y e £, 

We shall use the symbol "■" to stand for the diagonal adjoint action: 

(1.7) X ■ {Y,ai ® h) = Y,{[x,ai\ (»bi + a,(S) [x,b,]) 

i i 

for X, Oi, bi G £, and in general [x, y] — ip{x, y) for x,y £ Z. 

Definition 1.2. (1) A coboundary Lie bialgebra is a 4-tuple (£, cp, A, r), where (£, 1^9, A) 
is a Lie bialgebra and r € Im(l — r) C £ Cg) £ such that A = A^ is a coboundary of 
r, where in general A^ (which is an inner derivation, cf. (|1.15p ) is defined by, 

(1.8) Ar{x)^x-r for a; e £. 

(2) A coboundary Lie bialgebra (£, ip, A, r) is triangular ii it satisfies the following 
classical Yang-Baxter Equation (CYBE): 

(1.9) c(r)=0. 

(3) An element r G Lm{l — t) C £® £ is said to satisfy the modified Yang-Baxter 
Equation (MYBE) if 

(1.10) X ■ c(r) = 0, for x £ £. 
where c(r) is defined by 

(1.11) c(r) = [ri2,ri3] ^ [j-is^^^^] + [r^^r^^], 

and r*^ are defined as follows: Denote U{£) the universal enveloping algebra of £ 
and 1 the identity element of U{Z). If r = Oi (g) bi G £ ® £, then r'-' are the 
following elements in W(£) ®U{Z) ®U{Z): 

7-12 ^ r (8) 1 = X]ai ® 6, (g) 1, 

i 

= (1 (g) t){t (g) 1) ® 1 (g) 5i, 

7-23 = 1 (g) r = X] 1 ® a* '8) 6i. 

The following results can be found in [2] and [8]. 

Lemma 1.3. (1) For a Lie algebra £ and r G Im(l — r) C £, the tripple (£, [•, •], A) 
is a Lie bialgebra if and only if r satisfies MYBE. 

(2) For a Lie algebra £ and r G Im(l — r) C £, we have 

(1.12) (1 + C + ^^) ■ (1 ® A) • A{x) = X ■ c{r) for all x G £. 

Let us state our main results below. Suppose F be an abelian group and T is a 
vector space over F. We always assume that T ~ ¥d because of dimT = 1. The 
tensor product W = FF (gjjr T is free left FF-module. We shall denote t^d = eg) 9. 
Fix a pairing t/s : T x F — F, which is F— linear in the first variable and additive 
in the second one. Denote: ip{d,x) — {d,x) — d{x) for x G F. If Fq = {x G F : 
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d{x) = 0} = called (p is nondegenerate. In this paper,we always suppose that ip 
is nondegenerate. 

Clearly, from F and T is a vector space over F, the generalized Heisenberg- 
Virasoro algebra £ :— £(r)([5j) is a Lie algebra generated by {L^ — t^d,Ix = 
V^^CltCi, Cli,x G r}, subject to the following relations: 

[Lx,Ly\ = [v - x)Lrc+y + 5x+yflj2^x^ ~x)Cl, 

[Ixily] — ySx+yfiCi, 

[L^Jy] = ylx+y + S.j..+y,Q{x'^ - x)Cl, 

= = [£,Cl/] =0. 

The Lie algebra £ has a generalized Heisenberg subalgebra and a generalized Vira- 
soro subalgebra interwined with a 2-cocycle. Set £,x = Span|.{L2;, I^} for x € r\{0}, 

£o = SpanpjLo, Iq, Cl, C/, Cli}- Then £ = © £^ is a graded Lie algebra. Denote 

xer 

C the center of £, then C ~ Span^j/o, Cl, Cj, Cli}- It is well known that the first 
cohomology group of £ with coefficients in the module V is isomorphic to 

(1.13) H\S.,V) ^Dcr(£,y)/lnn(£,y), 

where Der(£, V) is the set of derivations d : £, ^ V which are linear maps satisfying 

(1.14) d{[x,y])=x-d{y)-yd{x) for x,y e £, 

and Inn(£, V) is the set of inner derivations a £ V , defined by 

(1.15) Oinn X 1-^ X ■ a for X S £. 

2. Lie bialgebra structures on the generlized Heisenberg-Virasoro 

ALGEBRA 

Definition 2.1. For any A e F ,C S C, we define the map A(g)C:£— ^£(Ki£by 

(2.1) {X(E)C){iUa,)=Xil-Sa,,o)wiIa(g)C, 

for LJa — wiLa + W2la + ^afiZ E £q , whcrc Z € Spanr{CL, Cli, C/}, a gT. 

Obviously, for any CeC, AgF, A(8)Ce Der(£, £ (g) £) and it is an outer 
derivation. Furthermore, F ® C = {A (g) C, A S F} is a subalgebra of Der(£, £ (g) £), 
denoted by F (g) FC. Similarly, we have the derivation subalgebra FC ® F. 

The main result of this section is 

Theorem 2.2. (1) Let (£, [•, •], A) be a Lie bialgebra such that A has the decompo- 
sition Ar + a with respect to Der(£, V) = Inn(£, F) © (F FC + FC ® F), where 
r e V{TJiodC(g)C) ando- e F®FC + FC«)F, ct(£) C Im(l-T). Then, r e Im(l-r). 
Furthermore, (£, [•, •],(t) is a Lie bialgebra. 

(2) An element r G Im(l - r) C £ g) £ satisfies CYBE in (fTOl) if and only if it 
satisfies MYBE in ((nO|) . 

(3) Regarding F = £ ® £ as an £-module under the adjoint diagonal action of 
£ in ((ni), we have i?i(£, V) = Der(£, V^)/Inn(£, V) ^¥ (g>¥C + ¥C (E)¥. 

We give the proof of Theorem 12.21 bv several lemmas and propositions. 
At first, Theorem 12. 2f 2) follows from the following result. 
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Lemma 2.3. Denote by H*^" the tensor product of n copies of £. Regarding £®" 
as an £-module under the adjoint diagonal action of £, suppose c S £®" satisfying 
a ■ c = for all a e £. Then c = 0. 

Proof. The lemma is obtained by using the same arguments as in the proof of 
Lemma 2.2 in [TB]. 

Theorem 12.2( 3) follows from the following proposition. 

Proposition 2.4. Der(£, V) Inn(£, F) + F FC + FC ® F, where F £ ® £. 

Proof. We shall divide the proof of the proposition into several claims. Note that 
V = ©aerVa is T-graded with Vq = Y.i3+-y=a -2/3 ® £7, where £« = CL^ © C/^ © 
(5q._o(CCi, + CC/ + CCli) for a G F. A derivation D G Der(£, F) is homogeneous 
0/ degree a e T if D{Vf3) C Va+fi for aU /3 e T. Denote Der(£, V^)„ = {I? G 
Der(£, V) \ degD = a} for a G T. 

Claim 1. Every derivation G Der(£, V^). Then 

(2.2) D^Y^Da, where Da G Der(£,l/)a, 

which holds in the sense that for every G £, only finitely many Da{uj) ^ 0, and 
D(uj) — X^aer^ctC"^) '^^l^ such a sum in (|2.2p summahle). 

For a G r, we define a homogeneous linear map ; £ — > of degree a as 
follows: For any w G £^ with /3 G F, write d{uj) — 'Y^^y £ ^ with u-y G Ky, then 
we set Da{io) — Va+p- Obviously & Der(£, V)a and we have p.2p . 

aaim 2. If 7^ a G F, then D„ G Inn(£, F). 

Denote u — a^-^Da{Lo) G Va. For any G £^j,/3 G F, applying to 
[Lo,ujij] = Pujfj, using Da(uJj) G and the action of Lq on V"q,+^ is the scalar 

a + /3, we have 

(2.3) {a + /3)i?a(w/3) - ■ Da{Lo) = pD^{up), 

i.e., Da^ujp) = itinn('^^)(cf .(inSI)). Thus Da = Uian IS inner. 

Claim 3. Do{Lo) = Da{C) = 0( mod F(C ® C)). 

In order to prove this, applying Dq to [Lq, uj] = for G £^, /3 G F, as in (|2.3I) . 
we obtain that w • Dq{Lq) = 0( mod F(C ©C)). Thus by lemma [231 Do{Lo) = 0. 
Similarly, by applying ZJq to [C,lu] = 0, we obtain Do{C) = 0( mod F(C © C)). 

Claim 4. By replacing by i^o ^ "inn — (A © C + C © ry) for some u G Vo, A, 77 G F, 
we can suppose _Do(£^) = 0( mod F(C © C) for ^ G F. 

We can write, under modulo F(C©C) (where /i G F/Z means /i is a representative 
of the coset /i + Z in F, in case /i G Z or /i G F/Z we always choose /i = 0), 

(2-4) + ^ C±/^+,;±i © + ^ d±,/^+,±i © 

/^er/z,iez /jer/z,iez 
+ a=^L±i © C + b^C © L±i + c^/±i © C + d=^C © /±i, 

and we set b^Q — _i — dJ^Q — (Iq _i — fep q — c^^^ — dp q — dQ ^ = 0, for some 
a± &± 2=*= 
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6±,c±,d± e F, where \ a%, ^ 0}, | ^ 0},{(/x,z) | ^ 0} 

and {(/U, «) I rf^i 7^ 0} are finite sets. In the following,to simplify notations, we 
shall always omit the superscript for example, a^,i = d^^. Note that for 

fi e r/Z, i e Z, we have 

{Lfx+i ® L_n_i)inn{Li) = {ix + i- l)Ln+i+i (g) L-n-i - + i + O 
(L^+j (g) 7_^_j)i„„(Li) = (ju + i - (g) 7_j^_j - (/X + (8> 

(/p+i (g) i_^_i)i„„(Li) = (/i + i-^-i - (/u + z + <8) 

{I^+i <S) I-^-i)inn{Ll) = {n + I-n-i - + i)IiJ,+i ® I-n-i+1, 

{Lo O C)in„{Li) = -Li C, 

[C (g) io)mn(il) = -C (g) ii. 

Denote 

= max{\i\ \ a^,^ 7^ 0}, iV^ = max{\i\ \ 6^,^ ^ 0}, 
= max{|i| I c^,i 7^ 0},^), = max{\i\ \ d^^i ^ 0}. 

Using the above equations and the induction on + iV^ + Ej^ + Fj^, by replacing 
Do by Dq — Uinm where m is a combination of some L^^i (g L-^-i, L^^i (g I-^-i, 
I^+i (g) (g I-fj.-i, we can suppose 

a = 6 = 0, 

= if /Lt = 0; i 7^ —2, 1, or 7^ 0, i 7^ 0, 
= if = 0; i 7^ -1, 1, or 7^ 0, i 7^ 0, 
C/i,j = if /i = 0; z 7^ —2, 0, or /i ^ 0, « ^ 0, 
c^/n.i = if /X = 0; i 7^ —1, 0, or 7^ 0, i 7^ 0. 

Thus we have, under modulo F(C (g C), 

Do(I'i) =ao,-2-^-i (8> ^2 + ao,i-C'2 <8> i-i + ^ a^_jL^+i (g 

o#^er/z 

+ 60,-1-^0 <8) -fi + &o,i-^2 <g /-I + ^ 6^,0-^^+1 <8) 

o#;ier/z 

(^•^) + Co,-2-f-l ^2 + Ceo-?"! + 5Z ^A'.O-f/'+l ® i-^ 

0#MGr/Z 

+ do,-i-fo + c!o,o-fi i'o + X! •^M.oJ'/i+i -'^-/i 
+ c/i 0C + dC0/i. 



Applying Dq to [L-i, Li] = 2Lo, we obtain, under modulo F(C CS) C), 
3ao,^2L-i (Si Li + 3ao,iLi ® + a^^oiCM + 2)L^ ® L-^ - (m - ® -^^-zi-i] 

+60 O /i + I/O ® -fo + 2Lo «) Ci] + 60,1 [3Li ® /_i - O I-2] 

+ E Vo[(M + 2)i;^0/-;^-Ml'A.+i®-f-M-i] + co-2[-/-2<8)i2 + 3/_i(8)ii] 

o^Aier/z 

+co,o[/o®Lo + 2CL®io + Ii®L-i]+ E Cf,fi[{n + l)If,® L_^- {iJL- 1)1^+1 (^L_^_{\ 

o#Aier/z 

+ E '^/i,o[(At + ® /-/i - ® I-1J.-1] 

+ E 6" + z - 2)L^+, (g) /_^_, - (/i + i)L^+i_i (g) 

+ E C^,j[(M + «-l)^A'+i®-^-/'-i-(M + « + l)^A»+»-l<^^-/^-i+l] 

Aier/z,iez 

+ E + ^ - <8)I-A(-i - (M + «)I/i+i-l <8)/-A.-i+l] 

/i6r/z,iez 
-2a~Lo C - 26-C (g) Lq- 

Comparing the coefBcients of i^+i (g L-^-i with /x G F/Z, i G Z, we obtain 
(/i + z - 2)a-i - (/X + i + 2)a^,+i 

= 3(5^,o'5j,-iao,-2 + 3(5^,o<5i,iao,i + (1 - <5^,o)'5i,o(m + 2)o^,o + (1 - '5/n,o)(5i,i(l - n)a^fi. 
Since {(/x, i) | 7^ 0} is a finite set, fix /i e F/Z, z € Z, we obtain 

«um+i = "a-m = Vi = for m > 2, M ^ 0, i ^ 1, 

and we have the following relations: 

(2.6) ^ ^ 

^0,-1 — ~'^o,-2 ~ gOo.O' '^o.i ~ ^"o,0'%,2 = ^'^o,i+2«o,0''^M,i ^ ^"a'.o for M 7^ 0. 
Comparing the coefficients of i^+j (g) I-^-i with /z € F/Z, i G Z, we obtain 
(m + »-2)5-, + i + 

= ^/i.oCi^i,-! + (5i,o)^o,-i + <5^,o(3(5i,i - i5i,2)^o,i + (1 - 5^,fi)6ifi{^i + 2)6^,o - (1 - <5Ai,o)^i,iMVo- 
Since {(/x, | b~^ ^ 0} is a finite set, fix ^ G F/Z, z G Z,and 6g q = 0) ''^^ obtain 

60 _i = 60,1 = 6^,0 = = ^o^i = for /X 7^ 0. 
Comparing the coefficients of I^+i (g) L-^t-i with /x G F/Z, i G Z, we obtain 

(M + i - l)c-i - (/X + z + 2)c-^+i 

= ^/i,o(-<^i,-2 + 3^j _i)co,_2 + ^/i,o(^j,l + '^i,o)Co,0 + (1 - ^/i,o)^i,o(M + l)C/i,0 + (1 - '^/n,o)<^i,l(l - m)c,h,o- 

Since {(/U, i) | c~ • ^ 0} is a finite set, fix /x G F/Z, i G Z, and Cq^^ = 0, we obtain 
Co _2 = co,o = c^,o = c~^i = Co i = for /U ^ 0. 
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Comparing the coefficients of I^+i (8) I-f^-i with /i e F/Z, j G Z, we obtain 

= (1 - '5^,o)'^i,o(M + l)'^M,o - (1 - '^M,o)'5i,iMc^M,o- 

Since {{fJ,,i) \ 7^ 0} is a finite set, fix /i e T/Z,i G Z, and (Iq q = cJo^_i = 0, we 
obtain 

^^M,m = d.Q 2 =0 for TO 7^ 1, ^ ^ 0, 

and we have the foUowing relation: 
(2.7) d;^,i = -d>.fl for /x ^ 0. 

Comparing the coefficients oi Lq (g) C,C (E) Lq, we obtain 

a- =b- = 0. 

Consequently, under modulo F(C €5 C), we can rewrite 

+ d^C (gl-i, 

where the coefficients satisfy (|2.6p and (|2.7p . 
Under modulo F(C C), we can write 

(2.9) + ^ c'^,I^,+^±2 «) + XI d^Jt^+^±-i ® 

+ a'=^L±2 ® C + 6'=^C ® i±2 + c'=^/±2 ® C + d'=^C ® I±2, 



and we set 6q\) = Cq~''_2 = "^o^) ~ '^0^-2 ~ ^0 ^ '^0 2 — "^o — "^o 2 = 0' fo^ some 



'± &'± c'±- a'± 



&±,c±,d± e F, where \ a^^ + 0}, {{^1,1) \ b^^ / 0},{(m,*) | c^, ^ 0} and 



{(^, i) I d ^ 0} are finite sets. Now we shall omit the superscript again; for 



example, a^ , = . 



Applying Dq to [L_i,i2] — 3Li, we have, under modulo F(C ® C), 

Ater/z,iGZ 

fj.Gr/z,i£Z 

fj.Gr/Z,i£Z 

+3a'Li ® C + 3&'C (g) Li + 2c7i ®C + 2d'C®Ii + ao__i[4Lo + ^-2 8^3] 

+a(J'_o[3Li ® io + 2i-i ® £2] + a(7.i[2-^2 ® i-i + 3Lo ® ii] + Og 2[-^3 i-2 + 4ii ® Xq] 

+ E a^,o[(Ai - 2)L^+2 ® i-^-i - (Ai + 3)L,, ® i-^-s] 
o#/jGr/z 

= 3ao, -2-^-1 ® -^^2 + 3aoa-L2 ® i-1 + E Sa^^oip+i "X) i-^ 
+ E 3d^,o-^p+i +3c/i «)C + 3dC®/i. 

Comparing the coefficients of i^+^+i (E> with /i £ F/Z/i £ Z, we obtain 

3(5i -200 -2 + 3Jj,iao,i = (i + 3)a(, ^ - (i - 2)a(, + 5t_^3af^_^ + 2(5^^-20^0 

and 

(/i + i + 3)a^ - (/.t + i - 2)a|, + (5.,a(M - 2)a^,o - + 3)ap,o = 3(5^,00^,0 for A* ^ 0- 

Using (|2.6p . we obtain 

o-o-i ^ 0^2 = ao,m = "o -m-2 = "a'-O = a^,j = for to > 2, 0, i £ Z, 
and 

Oq Q = — Oq,! = 3ao,i = — 3ao,-2, 
(2.10) ao,_3 = Cqj - 6ao4, ao,_2 = ~^o,a,i + 15ao,i, 

ao,_i = 6ao 1 - 18ao,i, q = -4ao 1 + 9ao,i. 
Comparing the coefficients of X^+i+i with /it £ r/Z,i £ Z, we obtain 

Comparing the coefficients of I^+i+i L-^-; with /i £ r/Z,i £ Z, wc obtain 

S,^ = 0- 

Comparing the coefficients of I^+i+i I-^-i with /i £ r/Z,i £ Z, we obtain 
(z + 2)4_, - (z - = 0, 

and 



9 



(/i + i + 2)(i^ J - (/i + i - + /ii5i,iii^,o - (m + l)'5j,-irf^,o = SJi^oc^/x.o for 7^ 0. 

Using (ig ~ '^o -2 — obtain 

c'o.i = c^^.m = <^t,,-m-i =0 for TO > 1, A* 7^ 0, i e Z, 

and 

(2.11) = = d^^o, for M ^ 0. 

Now (|2.5p and (I2.8p . respectively,become, under modulo F(C ® C), 

L»o(Li) =ao,i(-L_i (g) L2 + L2 «) L-i) 
(2-^2) + ^ df,fiI^+i®I-^ + cIi®C + dC 

L'o(^-i) =3ao, 1(^-1 «) io - Lo «) i-i) 

Applying Dp to [L_2,-^i] = 3L_i, we have, under modulo F(C CSC), 
ao,i[--^-3 «> ^2 - 4L_i (g) Lo - ® Cl + 4Lo ® L-i + \Cl ® L^i +L2® L.g] 

^( a^"yj(^ + i - 3)ip+i_i g) - (/i + 2 + l)L^+i_2 ® -^-Ai-i+i] 

+ 6^7j(At + i - 3)ip+i_i ® - (/i + «)i^+i_2 ^-Ai-i+i] 

/jGr/z,iez 

+ Z c^7J(Ai + i - 2)/^+i_i (g) - (yu + i + l)/^+i_2 ® i-Ai-i+i] 

+ Z d^7J(/i + i - 2)/^+i_i (g) - (/i + i)/^+i_2 ® /-^i-j+i] 
-3a'-L_i ® C - ib'-C (g L_i - 2c'-/_i (g C - 2rf'-C ® /_i) 

= 9ao,i(i-ig)Lo--^o«'i-i)-3 d^s)Ipi ® I-f,-i + 'ic- I-i ® C + M-C ® I^i. 

o^^er/z 

Comparing the coefficients, Using (JqTj = 2 ~ 0,we obtain 

ao,i = a^7, = ao7„+2 aoT-m = a'" = for m > 2, / 0, i £ Z, 

^mT» = c^T* = = ^o7i = for 7^ O.i e Z, 
^i^m = = for m > 3, 7^ 0, 

and 



(2.14) 



= d^^2 = -d,,,o for ^J.^0. 
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Now (f2TT2|) . (|2?T3l) . and ([2^ . respectively, become, under modulo F(C (g)C), 

(2.15) ■Do(Li) = J2 df,^oI^+i(Sl-f. + cIi(E)C + dC(iiIi, 

(2.16) ^"(^-i) = ^ J2 d-t.,aIf,®I-t,-i+c-I-i(g,C + d-C(g)I-i, 

Do{L2) =ao,i(L_i «) L3 - 4Lo 8^2 + 6L1 ® Li - 4L2 ® Lq + L3 (g) L_i) 

(2.17) _^ ^ d^,o(/M+2«)/-M + ^M+i®-^-M+i)+c'^2®C + o?'C(8)/2, 

Do{L^2) =ao7_i(L_3 ® Li - 4L_2 ® io + 6L_i ® L_i - 4Lo ® -^-2 + ii ® -/--a) 

(2.18)_ ^ d^,o{I^,-i (E) 1-^,-1 +I^,(E)I-^,-2) + c'~ 1-2 (^C + d'- C(g> 1-2- 
o#/ier/z 

Note that 

(/^_l (8)/_^4.i)i„„(L2) = (m- l)^M+l ^-^-M+l ^ (M^ l)-^^-! ®^-M+3' 
(/^_3 (gi /_^+3)i„„(L2) = (m - 3)/^_i «) /-^+3 - (/i - 3)/^_3 ® /-^+5- 

Using these two equations, by replacing Dq by — where u is a combination 
of If_i-i <S) I-fi+i and /^_3 ig) Z-^^+a (this replacement does not affect the above 
equations (l2TT5| . ((2?T6)) and ((2?T8l) ), under modulo F(C (g) C), we can rewrite ((2T7)) 
as 

Do{L2) =ao,i(L_i ® L3 - 4Lo ® -/-2 + 6L1 ® Li - 4^2 8^0 + ^3® ^-i) 

(2.19) _^ ^ d^^o(W«)/-M + ^M-3®-^-M+5)+c'-f2(»C + d'Cg)/2, 

Applying Dq to [i_2, ^2] = + ^C'l, we obtain 

Oq 1 = -ao7-i'^M,o = for /x 0. 
Using (pj| . (12111) and ((2H) . we obtain 

= c^ix.-i = ci|.,o = c^ixTi = c^i.72 =0 for /X ^ 0. 

Denote 

w = L_i ® Li - 2Lo g) Lq + Li (g) L-i. 

Replacing Dq by Dq + Oq ]^Ui„„(this replacement does not affect the above two 
equations (|2.15l) and (|2.16p '). we obtain 

(2.20) Do{L2) ^ c I2 (E) C + d C (E) I2, 



(2.21) Dq{L^2) = c-I-2 ®C + d'-C g) /_2. 
At last, we can rewrite (|2.4p and (|2.9p as 

(2.22) £)o(i±i) = c±/±i ® C + d±C(g/±i, 



(2.23) 



£)o(L±2) = c'±/±2 eg C + d'±C g) I±2. 
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Write under modulo F(C ® C), 

Dq{I±i)^ e%,L^+i±^®L_^_,+ /±,L^+,±i (g) /_^_, 

/ier/z,iiEZ /ier/z,iiEZ 

(2.24) + Y 5m/m+*±i ^-A"-* + H /i^/m+»±i ® 

Aier/z,iez /^er/z,iGZ 

+ e^L±i ® C + f^C ® L±i + g^I±i ® C + h^C (g) /±i, 
and we set f^^ = g+^^ = h+g = h+ _^ = f^^ = g^^ = h^^^ = h^^ = 0, for some 

eKfKg^^^ eV, where | ^ 0}, \ f% ^ 0},{(M,^) | 5^. ^ 0} 

and {(/i, j) I /i^ j ^ 0} are finite sets. In the following, to simplify notations, we 
shall always omit the superscript for example, e^^i = e^^. Note that for 

fjL G r/Z, i G Z, we have 

(Lo®C),„„(/i) = -/i ®C, 

{C ® Lo),r,n{h) = -C®h. 

Denote = max{\i\ \ e^^i ^ 0}, = max{|i| | /^^i ^ 0}, = max{|z| | ^^^^ 7^ 
0}, = max{\i\ \ h^^i ^ 0}. 

Thus we have, under modulo F(C ® C), 

/jGr/z,iGZ /^er/z,iez 

(2.25) 4. ^ g^,i/p+,:+i gi + ^ hf,.il^+i+i (g) 

AtGr/z,iez /^er/z,iez 
+ eLi g) C + /C g) ii 

Applying I?o to =0, we obtain 

(2.26) Doih) = 0, 
By the same method, we can obtain 

(2.27) i^o(/-i)-0. 

Using ((2:221 . ((2:23)) . ((2:261) and ((2^, under modulo F(C g) C), we have 

(2.28) Dq{L,) = Cih ® C + d,C ® h for i e Z, 

(2.29) £'o(/<) = for z e Z. 

For a fixed 7^ G T/Z, Under modulo F(C g) C), we can write 

i/GT/ZjGZ i/er/ZjGZ 

(2.30) + ^ c,,j/^+i.+j gii^^^j + ^ d^,jIi,+^+]®I~u~] 

i/er/Zj'ez i/er/Zj'ez 
+ a^L^ g) C + 6^C ® + c^/^ g) C + d^C g) 
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for some a^j, 6^,^ , c^,j , d^j G F, where A = \ a^.j ^0}, B = {{v.,j) \ b,yj ^ 

0}, C' = {{vj) I c^j 7^ 0}, D' ^ {{i^J) I d„,j ^ 0} are finite sets. Let i > 0. 
Applying Do to [L^, [L_i, L^] = (/i + - 2i)L^, we obtain 

L^ ■ L^, ■ DoiL^) = ip + - 2i)DoiL^) + L, ■ ■ Do(L_0 

+ {fi + i)L^^i ■ Do{Li) 

Define the total order on F x F by 

{a, l3) > {a , (3 ) <^ a > a or a — a , ^ > l3 . 

If A 7^ 0, let {vo,ja) be the maximal element in A', in this case, ® 
L-^g-jf,^i is the leading term of Li- L^i- Do{Lf^), a contradiction to equation p.29p . 
Similarly, we have B — C ^ D =0. Thus, we can rewrite (|2.30p as under modulo 
F(C(g)C), 

DoiL^) = a^L^ (g)C + b^C (g) + c^/^ (g) C + (f^^'^C ® I^. 

Then we can denote u — ^Lq g) C + (g Lq, replacing Dq by Dq + Umn, we 
obtain 

(2.32) Do{L^,) = c^I^®C + d^,C 

Similarly, we have Do{I„) — e^L^ C + fi,C (g) Lj,. 

Applying Dq to [L,y_i, /i] = /^(O v ^ T/Z), we obtain, under modulo F(C®C), 
Do(/j.) = 0. Using and ([^3^ . we have D^iLy) = c^I^®C+d^C®I^ for /i e 

F \ {0}, applying to [L^,L^] = {v — fi)L^^^, we obtain c^j_,d^ G F. Claim 4 is 
proved. 

Claim 5.. We can suppose Z?o = by replacing Dq by Dq — Ui„„ — (A (g) C + C ® 77) 
for some u G Vb, A, 77 G F. 

Replacing Dq by Dq — '^inn — (A ® C ^ C (g) Tj^ for somc It G Vq , A, ?7 G F, the 
above claims have proved Do{2) c F(C g) C). Because £ = [-2,-2], we obtain 
Do{2) C 2 ■ Do{£) = 0. 

Claim 6.. For every D G Der(£, F), (|2.2p is a finite sum. 

According to the above results, for any a G F, we can suppose Da — {ua)inn + 
A 18 C + C (8) ?7 for some -Uq G Vq, A, 77 G F. If {a \ Ua ^ 0} is an infinite set, then, 

we obtain D(Lq) = Lq ■ Ua = ^ aua + X(gC + C(g)r] is an infinite sum, a 

aer aer 

contradiction with the fact that is a derivation from £, ^ V. This proves the 
claim and Proposition 2.4. 

Now, we can complete the proof of Theorem 12.21 (1) as follows. First we need 

Lemma 2.5.. Suppose r G F(modF(C®C)) such that w-r G Im(l — r) for all w E £,. 
Then r G Im(l — r). 

Proof. First note that£ ■ Im(l — r) C Im(l — r). Write r = X^xer with G Fq,. 
Obviously, 

(2.33) r G Im(l - r) r„ G Im(l - t) for aU a G F. 
Thus without loss of generality, we can suppose r = ra is homogeneous. 
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For any a 0, then Va = -^Lq ■ £ Ini(l — r). Thus assume a = 0. Now we 
can write 

''0 = ^ a^^iLf^+i (g) + ^ 6^^iL^+j I-f^-i 
(2.34) _|_ ^ Cf,^il^+i (g) + ^ d^^ilf,+i ® 

+ a^Lo g) C + fe^C ® io + C + d^C ® Iq, 

for some af^.i,bi_^^^,Cf_,^i,df_,^i G F, where {(^i, «) | a^,i ^ 0}, {(/i,i) | ^ 0}, 
{(/i, i) I Cp.i ^ 0}, {(/^, j) I / 0} are finite sets. For a fixed /i G F/Z, let 
i/i = TOax{|i| I Uf^^i ^ 0},i?2 = mm{|i| | a^^i 7^ 0}. We call L^+Hi ® L^^^Hi and 
L^^H2 ® i-At--ff2 respectively the highest and the lowest terms of vq. 

Choose k eZ, k =^ Hi, -H2. Then, Lu+^^+Hi ®L-tj.-Hi and L^+h^ (g)L^f^^H2+k 
are the highest and the lowest terms of Lfe • ro with coefficients (fi + — k)a^^Hi 
and (— /i — -ff2 — k)afi_H2 respectively. Since Lk ■ tq G Im(l — r), we must have 
Hi = —H2 and a^^Hi = ^b^^H2 - Induction on Hi shows a^.i = —0.^,,-% for all i G Z. 
Similarly, we can obtain = — &/^,-i,C/j.i = ~c^^-i,d^^i = —d^^-i for all i G Z, 
and = —b^,Cfj, = —d^. Thus tq G Ini(l — r). This proves the lemma. 
Proof of Theorem \2.2^ 1) Let (£,[•,•], A) be a Lie bialgebra structure on £. By 
(|rT4| . Definition O and Proposition ((2^ .A = A.^ + cr, where r G F(mod(C (g C)) 
ando- G F«)FC+FC®F. By ([13) ImA C Im(l-T), so Ar(L„) + cr(L„) G Im(l-T) 
for a G F, which implies that = ~d^. Moreover, Ar{Ia) G Ini(l — r) for a G F. 
Thus, cr(ii) G Im(l — r). So ImA^ G Im(l — r). It follows immediately from 
LemmE [^31 that r G Im(l — r)(niod(C C)). According to the above results, we 
always have 7^ A G F make a = X(E)C — C(E)X- Then for any uta G £q, a G F, we 
have 

(i+e + e')-(i«"^)-^(wa) 

= A(l - ^a,o)wi(l + e + e')(l CT)(/a ® C - C ® /a) 

= 0. 

It shows (£, [•, •], (t) is a Lie bialgebra, and the proof of Theorem l2.2r i) is completed. 
But by Proposition (|2.4I) . there is no 7^ r G £, such that A x-r. Thus, (£, [•, •], A) 
can not be a coboundary Lie bialgebra. 

3. Lie bialgebras of the centerless generlized Heisenberg-Virasoro 

ALGEBRA 

Denote £ — £/C, then £ is the centerless generalized Heisenberg-Virasoro alge- 
bra. 

Theorem 3.1. (1) Every Lie bialgebra structure on the Lie algebra £ is a triangular 
coboundary Lie bialgebra. 

(2) An element r G Im(l — r) C £ ® £ satisfies GYBE if and only if it satisfies 
MYBE. _ _ _ _ 

(3) Regarding y = £ (g) £ as an £-module under the adjoint diagonal action of 
£, we have H\'E,V) = Der(£, F)/Inn(£, F) = 0. 
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Proof According to the Theorem [22i;2) (3), Der(£, y)/Inn(£, y) = 0. So (2), (3) 
hold obviously. By Theorem I2.2f l). we obtain A — Ar,r e Im(l — r). Then by 
Lemma [1.31 we have c(r) = 0. Thus, (£,[•,•], A) is a triangular coboundary Lie 
bialgebra. Theorem is proved. □ 
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